ETERNAL SOLUTIONS TO THE RICCI FLOW ON 



P. DASKALOPOULOS* AND N. SESUM 

Abstract. We provide the classification of eternal (or ancient) solutions of the 
two-dimensional Ricci flow, which is equivalent to the fast diffusion equation 
^ = AlogM on X M. We show that, under the necessary assumption that 
for every t € R, the solution u{-,t) defines a complete metric of bounded 
curvature and bounded width, u is a gradient soliton of the form U{x, i) = 
% — r onj, , for some xn S and some constants 13 > and (5 > 0. 



1. Introduction 
We consider eternal solutions of the logarithmic fast diffusion equation 



(1.1) — = Alogu onM^x 

^ ' dt ^ 



This equation represents the evolution of the confornially flat metric gij = u lij 
under the Ricci Flow 

^''^ -2R 



at 

The equivalence follows from the observation that the metric g^j — u lij has scalar 
curvature R — — (Alogu)/u and in two dimensions Rij — ^ Rgij. 

Equation (|1.1|) arises also in physical applications, as a model for long Van-der- 
Wals interactions in thin films of a fluid spreading on a solid surface, if certain 
nonlinear fourth order effects are neglected, see jlll 1^ IHj. 

Our goal in this paper is to provide the classification of eternal solutions of 
equation p.l|l under the assumption that for every t S M, the solution u{-,t) defines 
a complete metric of bounded curvature and bounded width. This result is essential 
in establishing the type II collapsing of complete (maximal) solutions of the Ricci 
flow Hl.l|l on X [0, T) with finite area /jja u{x, t) dx < oo (c.f. in [H] for the result 
in the radially symmetric case). For an extensive list of results on the Cauchy 
problem ut = Alogw on R"^ x [0,r), u{x,0) = f{x) we refer the reader to [S], [T^ . 
[ini and 123. 
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In we introduced the width w of the metric g — ulij. Let F : ^ [0, oo) 
denote a proper function F, such that F^^{a) is compact for every a g [0, oo). The 
width of F is defined to be the supremum of the lengths of the level curves of F, 
namely w(F) — sup^Lji^ — c}. The width w of the metric g is defined to be the 
infimum 

w{g) ~ inf w{F). 

We will assume, throughout this paper, that u is smooth, strictly positive and 
satisfies the following conditions: 

The width of the metric g{t) — u{-, t) Iij is finite, namely 

(1.2) w{g{t)) <oo, VteM. 
The scalar curvature R satisfies the i°°-bound 

(1.3) ||i?(-,t)|Uo.(R2) <oo, VteR. 

Our goal is to prove the following classification result. 

Theorem 1.1. Assume that u is a positive smooth eternal solution of equation 
1)1.1(1 which defines a complete metric and satisfies conditions ((1.2(l - (|1.3(l . Then, u 
is a gradient soliton of the form 

^^■^^ " P{\x-xo\^ + Se^Pt) 

for some xq £ and some constants /3 > and S > 0. 

Under the additional assumptions that the scalar curvature R is globally bounded 
on K.'^ X M and assumes its maximum at an interior point (xq, to), with — oo < to < 
+00, i.e., R(xQ,tQ) = max(j. j-)gR2xR -R(a;, t). Theorem 11.11 follows from the result of 
R. Hamilton on eternal solutions of the Ricci Flow in |15| . However, since in general 
dR/dt > 0, without this rather restrictive assumption on the maximum curvature, 
Hamilton's result does not apply. 

Before we begin with the proof of Theorem ll.il let us give a few remarks. 

Remarks: 

(i) The bounded width assumption 1(1. 2(1 is necessary. If this condition is not 
satisfied, then ((1.1|1 admits other solutions, in particular the fiat (constant) 
solutions. 
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(ii) It is shown in 10 that maximal solutions u ol the initial value problem ut — 
Alogu on K'^ X [0,T), u{x,0) = f{x) which vanish at time T < oo satisfy 
the width bound c(T < w{g(t)) < C [T ~t) and the maximum curvature 
bound c{T — t)^^ < -Rmax(0 < C* (T — t)^'^ for some constants c > and 
C < oo, independent of t. Hence, one may rescale u near t ^ T and pass 
to the limit to obtain an eternal solution of equation Hl.l|l which satisfies the 
bounds H1.2() and Ijl.SI) (c.f. in |^ for the radially symmetric case). Theorem 
II. II provides then a classification of the limiting solutions. 

(iii) Since u is strictly positive at all t < oo, it follows that u{-,t) must have infinite 
area, i.e., 



Otherwise, if u{x,t) dx < oo, for some t < oo, then by the results in |S] 
the solution u must vanish at time t + T, with T = (l/47r) u{x, t) dx, or 
before. 

(iv) The proof of Theorem 11.11 only uses that actually u is an ancient solution 
of equation ut — Alogu on x (— cx),T), for some T < oo, such that 
/]g2 u{x, t) dx — +00. 

(v) Any eternal solution of equation 1)1.1(1 satisfies ut > 0. This is an immediate 
consequence of the Aronson-Benilan inequality (or the maximum principle on 
R = —ut/u), which in the case of a solution on x [t, t) states as Ut < 
u/(t — t). Letting, r — oo, we obtain for an eternal solution the bound 



(vi) Any eternal solution of equation Hl.l|l satisfies R > 0. By the previous remark, 
R = —ut/u > 0. Since, R evolves by Rt — AgR + R^ the strong maximum 
principle guarantees that i? > or i? = at all times. Solutions with R = 
(flat) violate condition l|1.2() . Hence, i? > on x R. 

Acknowledgments. We are grateful to S. Brendle, B. Chow, R. Hamilton, L. 
Ni, Rafe Mazzeo and F. Pacard for enlightening discussions in the course of this 
work. This paper was completed while the first author was a Visiting Fellow in the 
Department Mathematics, Imperial College. She is grateful to this institution for 
its hospitality and support. 



(1.5) 




Ut < 0. 
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2. A PRIORI ESTIMATES 

We will establish in this section the asymptotic behavior, as |a;| — *■ oo, for any 
eternal solution of equation which satisfies the conditions (|1.2() - (|1.3() . We will 
show that there exists constants c(t) > and C(i) < oo such that 

(2.1) c(t) \x\-'^ < u{x, t) < C{t) t e M. 

This bound is crucial in the proof of Theorcm ll.il 

We begin with the following lower bound which is a consequence of the results 
in [22]. 

Proposition 2.1. Assume that u is a positive smooth eternal solution of equation 
(|l.l(l which defines a complete metric and satisfies condition 1)1.3(1 . Then, 

(2.2) — < O (r^ logV) , asr^\x\^oo, e M. 
u{x,t) ^ ' 

Proof. For to G fixed, let u denote the maximal solution of the Cauchy problem 
(2.3) 



ut — Alogu, on X (0,oo) 

u{x,0) = u{x,to) a; e R^. 



It follows by the results of Rodriguez, Vazquez and Esteban in TT that u satisfies 
the growth condition 



1 ^ f lo 



,2 , 



r 



(2.4) ^^<0[^), as.= N-oo, W>0. 

In particular, u defines a complete metric. Let us denote by R the curvature of the 
metric g{t) — ulij. 

Claim 2.2. There exists t > for which supR2 \R{-,t))\ < C(r) for t e [0, r]. 

^From the claim the proof of the Proposition readily follows by the uniqueness 
result of Chen and Zhu (0; see also [22]) • Indeed, since both u and u define 
complete metrics with bounded curvature, the uniqueness result in implies that 
u{x,t) = u{x,t + to), for t £ [0,r]. Hence, u satisfies (12. 4|) which readily implies 
(|2.2() . since u is decreasing in time. 
Proof of Claim\^ Since g{0) = g(to) and 

0<R{-,0)^R{-,to)<Co 
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the classical result of Klingenberg (see ^3]) implies the injectivity radius bound 
ro = injrad(M2,5(0)) > Moreover, 

(2.5) Volg(o)i?^(o)(a:,r)>^CoW, 

where Vco {r) is the volume of a ball of radius r in a space form of constant sectional 
curvature Cq (see |2n] for (|2.5|l ). We will prove the desired curvature bound using 
(|2.5() and Perelman's pseudolocality theorem (Theorem 10.3 in Let e,S > Ohe 

as in the pseudolocality theorem. Choose ri < ro such that for all r < ri , we have 
Vcoir) > (l-<5)r2. By (|231), for all S we have Volg(o)Bg(o) (a;o, r) > {1-S)r'^. 
Since also supjj2 |i?(-,0)| < Co, the pseudolocality theorem implies the bound 

\R{x,t)\ < (eri)"^ whenever < ^ < i^fi)'^ : dist((a;, xq) < eri. 

Since the previous estimate does not depend on x, we obtain the uniform bound 

sup|i?(-,t)| < (eri)-2 Vie [0,(eri)2] 

finishing the proof of the claim. □ 

We will next perform the cylindrical change of coordinates, setting 

(2.6) v{s,9,t) = r^u{r,d,t), s = logr 

where (r, 9) denote polar coordinates. It is then easy to see that the function v 
satisfies the equation 

(2.7) vt = ilogv)ss + i\ogv)ee, for (s, 0, i) e Coo x E 

with Coo denoting the infinite cylinder Coo = M x [0, 2tt] . Notice that the nonnegative 
curvature condition R> implies that 

(2.8) A, log t; := (log v)ss + (log v)gg<0 

namely that \ogv is superharmonic in the cylindrical {s,9) coordinates. Estimate 
(|2.1|l is equivalent to: 

Lemma 2.3. For every t € R, there exist constants c{t) > and C(t) < oo such 
that 

(2.9) cit) < v{s, 9, t) < Cit), (s, 0) e Coo. 

The proof of Lemma will be done in several steps. We will first establish the 
bound from below which only uses that the curvature R > and that the metric is 
complete. 
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Proposition 2.4. Ifu{x,t) is a maximal solution of that defines a metric of 
positive curvature, then for every t <E R, there exists a constant c(t) > such that 

(2.10) v{s,e,t)>c{t), {s,0)eC^. 

Proof. Fix a i e M. Wc will show that (log'i;)^ — max(— \ogv, 0) is bounded above. 
We begin by observing that 

Ac(logi))" = (logv)-, + (logw)gg > 



since Ac log w = —Rv < 0. Hence, setting 

V-{s,t)= / {\ogv)- {s,0,t)d9 
Jo 

the function satisfies Vj^ > 0, i.e., V~ is increasing in s. It follows that the 
limit 7 — lims^ooVg^ {s,t) e [0, oo] exists. If 7 > 0, then V^{s,t) > 71s, with 
71 =7/2 for s > sq sufficiently large, which contradicts the pointwise bound H2.2|l . 
which when expressed in terms of v gives v{s,t) < c{t)/s'^, for s > sq sufficiently 
large. We conclude that 7 = 0. Since V~ is increasing, this implies that < 0, 
for all s > Sq, i.e. V^{s,t) is decreasing in s and therefore bounded above. 

We will now derive a pointwise bound on (log v)^ . Fix a point (s, 9) in cylindrical 
coordinates, with s > sq + 2% and let B2tt = {{s, 9) : \s - + \9 - 0p < {27r)^}. 
By the mean value inequality for sub-harmonic functions, we obtain 

(log«)-(s,^,t) < — ^ / (logv)-{s,9,t)dsd9. 



B2, 



Since 62-^ C Q — {\s — s\ < 2tt, 9 G [— 47r,47r]}, we conclude the bound 

(logv)-{s,9,t) <C {log v)- {s, 9, t)dsd9 < 4C / V""(s,i)ds < C 

finishing the proof. □ 

The estimate from above on v will be based on the following integral bound. 

Proposition 2.5. Under the assumptions of Theorem for every t £ R, we 
have 

(2.11) sup/ {\ogv{s,9,t))+d9 <oo. 

s>0 JO 

Proof. Fix < e M and define 

V{s,t) = I logv{s,9,t)d9. 
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Since Ac \ogv < 0, V satisfies Vss < 0, i.e. Vs decreases in s. Set 7 = linis^oo Vs G 
[—00, 00). 

Claim 2.6. We have 7 = 0, i.e. V is increasing in s, and linis^oo V{s, t) < 00. 
Proof of Claim: We consider the following two cases: 

Case 1: 7 > 0. Then since V^^ decreases in s, we have Vs > for all s, which implies 
that there is (3 = linii^^oo V{s,t) E (— cx3,cx)]. If 7 > 0, there is sq such that for 

s > So, 

(2.12) / \ogv{s,0,t)d9>-fis, 

Jo 

where 71 =7/2 . 

(la) If /3 < 00, then for s >> 1, 

V{s,to)<P, 

which contradicts H2.12|l for big s, unless 7 = 0. 
(lb) If P — 00 and 7 > we will derive a contradiction using the boundness of 
the width. The function logu satisfies Ac logw = —Rv < that is, logu is 
the superharmonic function. Fix a point (s, 9) in cylindrical coordinates, 
with s > So and let = {{s,0) : \s - s\'^ + \0 - 0\'^ < {2?:)^}. By the mean 
value inequality for superharmonic functions, wc obtain 

\ogv{s,0,t) > — ^ / \ogv{s,0,t)dsd0. 

Expressing logu = (log?;)+ — (logv)~, we observe that 

{logv)-{s,0,t) <C{t) + 2logs, onBz^r 

from the bound H2.2|l . Since Q = {|s — s| < 1, |6' — ^| < tt} is contained in 
B2Tn we obtain 

/ {\ogv)+ > / / {\ogv)+ = / / (log«)+ 
J Js-1 Je-TT Js-i Jo 

> V{s,t)~C{t) + 2logs. 
Combining the above with l|2.12(l yields the bound 

(2.13) logv{s,0,t) > 7is - 2C{t) - 41ogs > 7s 
for s >> 1 and 7 < 71. We conclude that 

(2.14) u(s, ^,i) > e^^ -> 00, ass ^00. 
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We will next show that H2.14|l actually contradicts our bounded width con- 
dition w{g{to)) < oo. Indeed, let F : [0,oo) be a proper function 
on the plane. Denoting by Lg{F — c} the length of the c-level curve <Tc of 
F, measured with respect to metric g(t) = u(-,t) /y , and using the bound 
namely u{x,t)\x\'^ = v{log\x\,e,to) > e^i°sl"=l, we obtain 

Lg{ac) = y/udac 

J Gc 

> gmi„.e„, ((7/2-1) log 

If 7 > 2, then denoting by |a;c| = niina;go-^ \x\ we have 

= |a;cp^^ — > oo, as c ^ oo 

where we have used the fact that the euclidean circle centred at the origin 
of radius \xc\ is contained in the region bounded by the curve tic- 
If < 7 < 2, then a = 1 — 7/2 > and since we may assume that the 
origin is contained in the interior of the region bounded by the level curve 
fJc, denoting by \xc\ = maxxea^ \x\, we obtain 



= \xc\^ " — > 00 as c— s-oo. 
Here we have used the fact that 

iouci(o-c) > diameuci(Intf7c) > max|x| = \xc\. 
We conclude that 

supLg{F = c} > M 

c 

for any proper function F, which implies that w{g{t)) > M, contradicting 
our width bound H1.2(l . 
(Ic) li P — 00 and 7 = 0, we can argue similarly as in (lb), with the only 
difference that now V{s,t) increases in s and V{s,t) >> M for s >> 1, 
where M is an arbitrarily large constant. The mean value property applied 
to log V now shows that log v can be made arbitrarily large for s > > 1 . The 
rest of the argument is the same as in (lb). 
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So far we have proven that if 7 > 0, the only posibihty is that 7 = and f3 < 00. 
Case 2: 7 < 0. Then, there is so such that for s > so, 

/■27r 

(2.15) / \ogv{s,9,t)de < -\j\s. 

Jo 

On the other hand, by (|2.2|l we have 

V{s,e,t)>^^, fors»l 

which impHes 

— \j\s > / logv d9 
Jo 

> 27rlog(C(t)) - 47rlogs = C{t) - Airlogs, 

which is not possible for large s. 

We have shown that the only possibility is that 7 = (which means V{s,t) is 
increasing in s) and /? < 00. This finishes the proof of the Claim. 

We can now finish the proof of the Proposition. Expressing 

{logv)+ {s, 9, t) d9 = V{s,t) + / {\ogvy{s,9,t)d9 



and using that V{s,t) < (3 (as shown in Claim together with Proposition l2.4l 
we readily obtain 

/ {\ogv)+{s, 9, t)d9 < P + 2TT5{t) < 00 
Jo 

as desired. □ 

To prove Lemma |2. 31 it only remains to show that ||w(-, i)||ioo < 00. The proof 
of this bound will use the ideas of Brezis and Merle (U), including the following 
result which we state for the reader's convenience. 

Theorem 2.7 (Brezis- Merle). Assume fl C K'^ is a bounded domain and let u he 
a solution of 



(2.16) 




in VL, 

on on. 



with f G L^(rt). Then for every S G (0,47r) we have 



/ e "^"i-ie^) dx < — (diamf7)2. 
Jn 
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Proof of Lemma \2.!A The proof follows the ideas of Brezis and Merle in 0j. Set 
w = log V so that 

with R denoting the scalar curvature. 

Fix e g (0, 1). Since -Re™ < oo, there is Sq such that for all s > sq 

Re^ dOdp < e. 



S-2TT Jo 

Fixs > soandsetB2^(s,0) = {(s,6i)| (s-s)2 + (6l-0)2 < {2tt)^} C {(s,6I)| |s-s| < 
27r, |6l- ^1 < 27r} = Q(s,0) so that 

iJe"" < e. 

We shall denote by B27r the ball -B27r(s, ^) and by Q the cube Q{s, 9). Let solve 
problem on Q = with / = i?e"' e L^{B2^) and < e. By 

Theorem 12 . 71 there exists a constant C > for which 

e ii-fiii < — . 

Taking (5 = 47r — 1 we obtain 

f (4T-5)|rai(x) 

(2.17) / < C. 

Combining (|2.17|) and Jensen's inequality gives the estimate 

(2.18) \\wi\\LHB,^)<C{e). 

The difference W2 — w ~ wi satisfies Aw2 = on -B27r- Hence by the mean value 
inequality 

(2.19) \\wt\\L^iB.)<C\\w+\\L^B.^y 

Since < + \ combining (|2.18|l and H2.11|l yields 

\\w}\\lhb.^)<C. 

Expressing Re^ — Re^^e^^ and observing that 

• i? is bounded and (|2.19|l holds on Bt^ 

• £ L^-{B2tt), where e can be chosen small, so that 7 > 1, and 

• -Aw = Re"" < Ce'"^ 
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by standard elliptic estimates we obtain the bound 

(2.20) \\w+\\L^(B^^,)<C\\w+\\L^iB^)+C\\e^^\\L.iB^)<C, 

where p > \, finishing the proof of the Lemma. □ 
Fix T G M and define the inifinite cylinder 

Q+{t) = {(s,6',t) : s > 0,61 e [0,27r],T- f < t < r}. 

By Lemma ^TM 

(2.21) < c(t) < w(s, 6*, t) < C(t) < oo, on Q+(r). 

ft follows that equation (|2.7|) in uniformly parabolic in Q^[t). Hence, the bounds 
(|2.21|l combined with classical derivative estimates for uniformly parabolic equa- 
tions imply the following: 

Lemma 2.8. Under the assumptions of Theorem \l.l\ for every t G K, there exists 

a constant C such that 

C C C 

|fs| < — , \vss\<^, \v0\<C, \ves\<—, onQ+{T). 
s s 

We will next show that the curvature R{x, t) — — (Alogu(x, t))/u{x, t) tends to 
zero, as \x\ oo. We begin by reviewing the Harnack inequality satisfied by the 
curvature R, shown by R. Hamilton 18 and 'TC'. In the case of eternal solutions 
u of (|1.1|) which define a complete metric, it states as 

(2.22) '-^>\D,lo,R\\ 

Since, DgR = u^^ DR, equivalently, this gives the inequality 

dR \DR\^ 

(2.23) > -. 

^ ' dt - Ru 

Let {xi,ti), {x2,t2) be any two points in x R, with t2 > ti. Integrating l|2.23|l 
along the path x{t) — xi + t^-ti a-lso using the bound u{x,t) < C(ti)/|xp, 
holding for all t e [ti,i2] by (|1.2|l and the fact that ut < 0, we find the more 
standard in PDE Harnack inequality 

(2.24) i?(x2,t2) > i?(xi,ii)e"'^^-i"i'('2-ti)^ 

One may now combine H2.24II with Lemmas l2.3l and f2.8l to conclude the following: 
Lemma 2.9. Under the assumptions of Theorem \l.l\ we have 

lim R{x, t) ==0, e R. 
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Proof. For any i g M and r > 0, we denote by i?(r, t) the spherical average of R, 
namely 

We first claim that 

(2.25) lim R{r,t) = 0, Vi. 

r — *cxj 

Indeed, using the cylindrical coordinates, introduced previously, this claim is equiv- 
alent to showing that 

f^" {\ogv)ss{s,9,t) + {logv)ge{s,9,t) _ ^ 



which is equivalent, using Lemma 12.31 to showing that 

lim / ~{iogv)ss{s,e,t)de = 0. 

But this readily follows from Lemmas 12.31 and 12 . 81 

Fix < G M. To prove that lim|2,|^oo Rix, t) = 0, we use the Harnack inequality 
(|2.24|l to show that 

R{x,t)<C inf R{y,t + 1) <C Rir,t+1), Vx G Vi G i? 

yedBr 

and use (|2.25|) . □ 

Combining the above with classical derivative estimates for linear strictly para- 
bolic equations, gives the following. 

Lemma 2.10. Under the assumptions of Theorem \l.l\ the radial derivative Rr of 
the curvature satisfies 

lim \x\Rr{x,t) = 0, VtGlR. 

\x\ — ^oo 

Proof. For any p > 1 we set R{x, t) = R[px, t) and we compute from the evolution 
equation Rt = u^^AR + R^ of R, that 

R^ = {p^u)-'^AR + R^. 

For T <T consider the cyHnder Q = {(r, t) : 1/2 < |a::| < 4, r - 1 < t < r }. /From 
(|2.1I) we have < c(t) < u{x,t) < C{t) < oo, for all a; G Q, hence R satisfies a 
uniformly parabolic equation in Q. Classical derivative estimates then imply that 

|(%(x,t)|<C||i?|U»(Q) 
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for alll<|a;|<2,r — l/2</;<T, implying in particular that 

p\Rr{x,T)\<C\\R\\L^^Q^) 

for all p<\x\<2p, where Qp = {{x, t) : p/2 < |a;| < 4p, t - 1 < f < r}. The proof 
now follows from Lemma EH □ 

3. Proof of Theorem 11.11 

Most of the computations here are known in the case that u {dx\ +dx\) defines a 
metric on a compact surface (see for example in 0). However, in the non-compact 
case an exact account of the boundary terms at infinity should be made. 

We begin by integrating the Harnack inequality Rt > \DR\'^ /Ru with respect to 
the measure dp, — u dx. Since the measure dp has infinite area, we will intergrate 
over a fixed ball Bp. At the end of the proof we will let p — > oo. Using also that 
Rt = u-^AR + R'^ we find 

/ ARdx+ [ R^udx> [ l^^dx 

JBp JBp R 

and by Green's Theorem we conclude 

(3.1) / ^-^dx- [ R'udx< [ ^da. 

J Bp R JBp JdBp OV 

Next, following Chow ( 7 ), we consider the vector X = Vi? + RV f , where / = 
— logu is the potential function (defined up to a constant) of the scalar curvature, 
since it satisfies Ag/ ~ R, with Agf = u^^ Af denoting the Laplacian with respect 
to the conformal metric g = u {dx"^ +dy'^). As it was observed in 'T. X = Q on Ricci 
solitons, i.e., Ricci solitons are gradient solitons in the direction of Vg/. A direct 
computation shows 

/ ^-^dx^ [ + 2 / VR-Vfdx+ [ R\Dffdx. 

JBp R JBp R JBp JBp 

Integration by parts implies 

VR-Vfdx = -[ RAfdx+ [ R^da^- [ R'^udx+f R^ da 
B, Jb, Job, on Jbp JdBp on 



since Af — Ru. Hence 
(3.2) 



^I'da;^ f \EI^dx~2 I R^udx 



Bp R JBp R JB 



f R\Df\'^dx + 2 f R^-da. 
Jb, JdB, on 
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Combining 1)3. 1|1 and 1)3. 2|1 we find that 
r 1X12 

IB 



[ R^udx- [ R\Df\'^dx] 



(3.3) / ^dx<-\l R'udx- I R\Df\Ux]+Ip = -M + Ip 



where 

Lemmas 12.81 - ITTUl readily imply that 



/ ^da + 2 f R^da. 

dB, on Job, on 



(3.4) lim Ip = 0. 

p — ^oo 



As in [7], we will show next that M > and indeed a complete square which 
vanishes exactly on Ricci solitons. To this end, we define the matrix 

M,, - A,7 + A/ D,f - i(|i?/p + Ru) 

with lij denoting the identity matrix. A direct computation shows that Mij = 
\7^'Vjf — ■^Agf gij, with Vi denoting covariant derivatives. It is well known that 
the Ricci solitons are characterized by the condition = 0, (see in [Ibp. 
Claim: 

(3.5) M / R^udx- I R\Dffdx^2 [ |Af„f-dx + Jp 

Jb„ Jb„ Jb„ u 



where 



lim Jp — 0. 



p — ^oo 

To prove the claim we first observe that since A/ = Ru 

R'^u= [ / DufDjjf-dx. 

Bp JBp U U 

Integrating by parts and using again that A/ = Ru, we find 
/ Diif Djjf - dx = - I DjufDjf-dx 

JBp " JBp u 

Integrating by parts once more we find 

/ D,uf D,f- dx = - [ I dx 

JBp U U 

DtjfDjf^- dx+- da 

Bp 2 Jqb^ On u 



since 



dBp u 2 Jqb^ On u 
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Combining the above and using that Df — —u^^Du and A/ = Ru we conclude 
(3.6) 

/ R'udx^ [ \D,jf\''-dx+ [ D,,fDJDjf-dx~ [ R\Dffdx + Jl 

JBp JBp U Jb^ U Jb^ 

where 

Job, on ^JdB, on u 

Hence 

(3.7) M = / \D,^f\^^dx+ [ D,jfDJDjf-dx-2 [ R\D f\'' dx + Jl. 

JBp " JBp W JBp 

We wiU now intergrate |My p. A direct computation and A/ ~ Ru imply 
/ iMyflda;- / \D,,f\^-dx + 2 [ D,,f D,f D,f- dx 

JBp W JBp " JBp " 

R\Dffdx + ^[ \Df\'^-dx-l [ R^udx. 

JBp ' 2 J Bp U ^Jbp 

Combining H3.7|l and H3.8|l we then find 

M-2 [ \M,^\^-dx^~ [ \D,,f\^-dx-3 [ D,,fDJD,f-dx 

JBp " JBp " JBp U 

- I \Df\'^-dx+ I R^udx + Jl. 
Jb„ u Jb„ 



(3.8) 



Using (|3.6|l we then conclude that 
(3.9) 



M-2 / |Myp-da; -2 / D.,jf D^f Djf- dx 



I \Df\^-dx- I R\Df\^dx + J' 

JB„ U Jb„ 



where 



p 

We next observe that 



Ji=l R'ida-I ^i... 
dBp on Jqb dn u 



2/ D,jfD,fD,f-dx= f D,{\Df\^)DJ- 

JBp U JBp 

and integrate by parts using once more that A/ = Ru and that Dif = —u^^Dif, 
to find 



where 



2/ D,,fDJDjf-dx^^ [ R\Df\'dx- j -rfx + J; 

JBp U Jbp JBp U 

4= lim / \Df\'^da. 
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Combining the above we conclude that 



with 

|2^ 



Jqb dn Jqb \ dn dn ) u ' 



We wiU now show that hnip^oo Jp — 0. Clearly the first term tends to zero, because 
/as \df/dn\da is bounded Lemma |2.8I and R{x,t) 0, as |a;| — > oo, by Lemma 
It remains to show that 



(3.10) lim / '''' ' +\Df\'-L\ -da = 0. 

P^oo Jgg^ \ on on J u 

We first observe that since f — ~ logu, we have 



\ dn dn J u dn 

Expressing the last term in cylindrical coordinates, setting v(s,9,t) = r'^ u{r,9,t), 
with s = logr, we find 

d f\Dlogu\^\l^^^ d / [2-(logt;),]^ + [(logz;)gF - 



IdB, dn\ u J u Jo ds 
Further computation shows that 

d f[2~{\ogv)s? + [{\ogv)e?\ ,A^ogv 



ds 



-2 [2- (log i;),] 



+ 2 (log«), ^^^^ + {[2 - (logi;),]2 + [i\ogv)g]'} (log^;),. 

V 

By Lemma IT^ . (logu)e is bounded as s ^ oo, while (logw)s, (logw)^^ and (logw)ss 
tend to zero, as s — > oo. Using also that v is bounded away from zero as s — > oo, 
we finally conclude that 

lim r^n2-ilog.).? + [ilog.),n ^^^^ 

s^ooJq ds \ V ) 

implying (|3.10() therefore finishing the proof of the claim (|3.5|l . 

We will now conclude the proof of the Theorem. From l|3.3|l and (|3.5(l it follows 
that 

/ ^-^c^a; + 2 / |My p-da; < /p + Jp 
Jb„ ^ Jb„ u 



where both 



lim Ip + Jp = 0. 



This immediately gives that X = and = for all t showing that C/ is a 
gradient soliton. It has been shown by L.F. Wu |2S! that there are only two types 
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of complete gradient solitons on M^, the standard flat metric {R = 0) which is 
stationary, and the cigar sohtons Hl.l(l . The flat soHtons violate condition H1.2|l . 
Hence, u must be of the form H1.4f) . finishing the proof of the Theorem. □ 
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